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Abstract: We calculate the one-loop partition function for a massless arbitrary-spin field on 
quotients of a general dimensional AdS background using the results of arXiv:1103.3627. We use 
these results to compute the one-loop partition function for a Vasiliev theory in AdS§ . An interesting 
form of the answer, suggestive of a vacuum character of an enhanced symmetry algebra is obtained. 
We also observe a close connection between the partition function for this Vasiliev theory and the 
d-dimensional MacMahon function. 
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1. Introduction 

The holography of higher-spin theories has been a topic of some sustained exploration |IJ]-[jl3|. This 
interest has essentially been fuelled by two motivations. Firstly, standard AdS /CFT arguments lead 
us to believe that the twist-two sector of a (free, planar) CFT^ — such as Af — 4 SYM — would be 
described in the AdSd+i bulk by a consistent classical theory with an infinite tower of arbitrary- 
spin particles. It is natural to expect that this bulk theory would be a Vasiliev theory. See |l4| 
for details and for a review of Vasiliev theories in general dimensions. Since a free CFT is in 
some sense a natural starting point for organising the boundary theory into a string theory (see 
Jl6| , 17, |l8| for a systematic approach) probing these questions would be helpful in order to learn 



about the general mechanics of gauge-string duality. Equally intriguingly, there is the additional 
possibility that even when the boundary theory is not free, higher-spin symmetries are still present 
in a higgsed phase Jl{|. This, if true, would afford us insight into the full set of gauge invariances 
of string theory. Secondly, in the low-dimensional examples of AdS^ and AdSi, these theories 
are expected to have CFT duals in their own right pi 0, ||, [ll], [l2j . Typically, the best known 
and studied examples of AdS /CFT are supersymmetric pOj , because supersymmetry allows us the 
freedom to reliably compute and extrapolate results on both sides of the duality. However, there 
are good reasons to believe that the general phenomena of gauge-string duality and holography are 
not tied to supersymmetry. A natural allied question is to ask what role does supersymmetry play 
in AdS /CFT. In this regard, the holography of higher-spin theories is interesting because many of 
these dualities are non-supersymmetric jj], [g, ^| and offer us an opportunity to concretely explore 
AdS/ CFT away from supersymmetry. 

Studies of the asymptotic symmetries of higher-spin theories in AdS^ have recently led to 
remarkable progress in their holography, including the formulation of an explicit duality between 
Vasiliev theories in AdS% and Wjv minimal models It was shown in Q |) that the asymptotic 
symmetry algebra of (a class of) higher-spin theories comprises of two copies of a W algebra. 
This was checked in [^lf by computing the one-loop partition function of the theory, to obtain 
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a vacuum character of left- and right-moving W algebras. The results o f pjfl were in fact a key 
ingredient in formulating the duality of ||. The analysis carried out in |2lf drew heavily on the 
heat kernel methods of (2^] . Essentially, the message to take away from these computations is that 
the second-quantised partition function contains information about additional symmetries which 
act on multiparticle states of the theory. 

While a Brown-Henneaux like analysis for Vasiliev theories in dimensions higher than three is 
prohibitive, the one-loop partition function may be computed readily. The essential ingredients are 
again the quadratic action for higher-spin fields, which is well known (see ^] for a recent review), 
and the determinants of the Laplacian, which have been computed in p3| |. 

In this paper, we shall carry out precisely such a computation for a Vasiliev theory in general- 
dimensional AdS spacetimes. In particular, we shall evaluate this partition function on a thermal 
quotient of AdS. As mentioned above, for the one-loop partition function of a theory the details 
of the interactions are not important. The only information that enters is the quadratic action 
and the spectrum. We shall choose the spectrum of all spins s = 0, 1,2, . . .00 appearing once 1 . 
We shall obtain a form for the partition function which is suggestive of a vacuum character of a 
symmetry group. We also express the partition function in a form (2.23) which is closely related to 
the e?-dimensional MacMahon function. 

A brief overview of this paper is as follows. In section ^| we compute the partition function of 
a massless 2 spin-s field in AdSjj by the heat kernel method. 3 We show that the degrees of freedom 
that contribute to the one-loop partition function are encoded in symmetric, transverse, traceless 
(STT) tensors of rank s, and s — 1. These determinants have been evaluated in |2]| We obtain 
an answer consistent with the the partition function of the spin-s conserved current in CFT^-i. 
As we outline later (see the discussion just above section 2.1), while this analysis goes through for 
general dimensional AdS spacetimes, though the expressions for AdS§ are perhaps the nicest, and 
we concentrate on this case in the main body of the paper. 

For evaluating these determinants to arrive at concrete expressions for the partition function, 
we begin with the relatively simpler case of thermal AdSs, i.e. turning off all other chemical 



potentials, in section 2.1. We observe simplifications due to which the partition function of the 
theory arranges itself into a form reminisctive of the MacMahon function, and also write down a 
nested, vacuum character like form for this partition function. Expressions for the partition function 
of the higher-spin theories in AdS^ and AdS-j are available in Appendix 

In section U we generalise to the case of non-zero chemical potentials for the SO(A) Cartans of the 
AdS$ isometry group. We find that the essential simplifications in section 2.1 remain, due to which 
it is still possible to write the answer in terms of a (shifted) two-dimensional MacMahon function. 
We also obtain a nested form for the answer, suggestive of a vacuum character interpretation. We 
then discuss our results in section ^. Some calculational details are available in the Appendices. 



2. The Partition Function for a Higher-Spin Field in AdS 

We begin with computing the partition function of a massless spin-s field in an arbitrary dimensional 



x As is well known, there is a also minimal Vasiliev theory with only even spins. We consider the theory containing 
all spins in its spectrum. On the boundary CFT, this corresponds to considering conserved currents built out of 
complex scalars. Also see pi| pj| for representations of the higher-spin algebra in AdS§. 

2 The notion of masslessness for a tensor field is slightly ambiguous on a curved manifold such as AdS, by 'massless', 



we mean that the action has a gauge freedom, which we specify in (2.2). 

3 We evaluate these determinants explicitly for odd-dimensional AdS spacetimes. For a very general class of 
tensors, which includes STT tensors, the analysis for even dimensions greater than two is entirely analogous and we 
do not repeat it here. See [ p3| and references therein. 
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(Euclidean) AdS spacetime. Our starting point will be the functional integral 



Z(S) = T7T, \ / \ D 4>(s)] e -S l*<'>], (2.1) 

Vol(gauge group) J 1 n JJ K ' 

which we shall compute in the one-loop approximation. Hence, only the spectrum of the theory 
and the quadratic terms in the action are of relevance to us. The quadratic action for higher-spin 
fields has already been worked out in an arbitrary dimensional AdS spacetime |2TJ, (also see the 
related work |28|, ^9| 4 )- We shall briefly recollect the main elements of the story. 

Our starting point is a quadratic action for a symmetric rank-s tensor field which is invariant 
under the gauge transformation 

For a consistent description, it turns out that the fields 4> necessarily satisfy a double-tracelessness 
constraint which is trivial for spins 3 and lower. 



J fj,i...fJ, a - 4 vp 



vp = 0. (2.3) 



The gauge transformation parameter £ then satisfies a tracelessness constraint 

^ " 0- (2-4) 

Note that this constraint is non-trivial — and is imposed — even for the spin-3, which has no double 
tracelessess constraint. With these conditions, a quadratic action for the spin-s field in AdSu, 
invariant under the gauge transformation (^^) may be written down. 

S fa.)] = / d D x^-^ (0> „ - \g { ^ 2 P^..., s)x A ) , (2.5) 



where 



t -T s 2 + {D-6)s-2(D-3) ^ 2_ x 



£2 VMl— Ms ^2 i, lMlM2r^3.../i s J A ' 

and 



•7>i»./*« = - V (AI1 V A AI2 ... Ala)A + -V( (tll V M2 ^ 3 ... A(s )A A . (2.7) 



We now evaluate the functional integral (2.1) with the action ( |2.5| ) using the method adopted in 
]30| , |2l| , [3l[ which we now summarise. Since this action has a gauge invariance associated with it, 
we need to gauge fix. Typically this involves the introduction of Faddeev-Popov ghosts. In this 
case however, there is a natural choice of integration variables for the functional integral. We use 
the decomposition 

<?W../i a = (f^Z-iJ., + 9 (mum n.) + v (mi^2...m s )' ( 2 - 8 ) 

where <fr and £ are respectively symmetric traceless rank s — 2 and s — 1 tensors. We note that the 
last term is just the gauge transformation of the field <j) under which the action 2.5 is invariant. 



This is the choice of integration variables employed in 1 30 for the spin-2 field, and subsequently 
generalised in [^l| to higher-spin fields in AdS?,. The measure for the functional integral changes 
under this change of variables. 

[D<f> {a) ] = Z$ [D^] [£>0 (5 _ 2) ] , (2.9) 



We thank M. Tsulaia for bringing these to our attention. 
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(s) 

where Z ^ is the ghost determinant that arises from making the change of variables. Now, using 
the gauge invariance of the action, we have 

s[<f> (a) ]=s 

One may further show that 



s 



iTT 



lTTI 



where 



iUl---Ms 

Ifrprp 



□ 



s 2 + (D - 6) s - 2 (D - 3) 



I 2 



S[4 TT ] 

Therefore, the contribution to the one-loop partition function is given by 

s 2 + {D - 6) s - 2 (D - 3) 



TT 

Ml— Ma 



z« = z {s h ] 

gh 



det -□ 



t 2 



W. 



Dct> ( 



s-2) 



(2.10) 

(2.11) 
(2.12) 

(2.13) 



where the subscript (s) on the second term reminds us that the determinant should be evaluated 
over rank s STT tensors. This expression should be compared to Equation (2.8) of pl| . Also, the 
ghost determinant may be evaluated using the identity 



1= / [2ty w ] e-<*«.*w> =Z gh / [Vct> {s) ] [xty (a _ 2) l [X>e (a _i)]e 



-{<t>(3),<t>(s 



(2.14) 



as in 1 30 1 2lJ . The evaluation is entirely analogous to the procedure adopted in pl[ , and we merely 
mention the final result. The partition function Z^ is determined to be a ratio of functional 
determinants evaluated over STT tensor fields. In particular, 



Z^ = 



det -□ 



(s-l)(3-£>-s) 



(8-1) 



de t(-D+ s2 +^- 6 )r 2(D - 3) 



(2.15) 



The numerator is a determinant evaluated over rank s — 1 STT tensor fields. These determinants 
were evaluated explicitly in |23| ] for Laplacians over quotients of AdS. In particular, for the thermal 
quotient of AdS^n+ii we nn d that 



(i 



s -m^(s+2n-2) 

(d s - 4-ie- m ^) 



-m/3 



,2n 



(2.16) 



where we adopt the notation d s for the dimension of the (s, 0, . . . , 0) representation of SO (2n). We 
would like to exponentiate this expression to determine the partition function Z^ s \ The following 
identity is useful for this purpose. 



E — 

±^ mil 



,-mA 



r\ m (1 - q rn ) 



E 



2ra + m — 2 
2n- 1 



log 



l- g ( A 



+m-l) 



(2.17) 



where we have defined q = e 13 . Using ( [2.17 ), we find that 



= n 



' (l - gO+ m + 2 ™- 2 )) 

(l - g(s+ra+2n-3)V 



d.-i \ ( 



-i + 2n-2\ 
2,i-l J 



(2.18) 
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This is the contribution of a single spin-s field to the partition function of the theory in an odd 
dimensional AdS spacetime. The case of even dimensions is similar, see Appendix |a|. Now, it will 
be apparent to the reader that many of the subsequent steps that we shall now undertake will follow 
in arbitrary dimensions as well. However, the resulting expressions are perhaps the nicest for the 
case of AdS$ and we shall focus on this case from now onwards. We refer the reader to Appendix 
[A] for the expressions for the blind partition function in AdS 4 and AdSf. 

2.1 The Blind Partition Function in AdS 5 

While we shall finally work with nonzero chemical potentials for the SO (4) Cartans of AdS$ as 
well, it is useful, for intuition, to start with the case where they are zero, i.e. thermal AdS*,. This 
will also yield some curious forms for the partition function. We have, on setting n — 2 in (2. IS), 

Z« = TT _1LJ _L_ . (2.19) 

This is the contribution of a single spin-s field to the partition function of the theory. To determine 
the full partition function, we need to specify the spectrum of the theory. We choose the spectrum 
s = 0, 1, 2, . . . , 00, with each spin appearing only once. The full partition function of the theory is 
then 

00 

Z = Y[Z ( - S l (2.20) 

s=0 

Note that there are cancellations between the numerator of Z^ and the denominator of Z^ s+1 \ 
for s > 1 because they are both of the form (l — q( s + m + 2 ) s j a , We finally obtain 

00 00 1 00 -. 

z n n 7, t^w, ■ n ^ 

(1 - q s+™+2fs+V( 3 ) ^ (1 _ gm+l)( t ) 

We can assemble the first product into a single product over k = s + n. This is given by 

S 5 d-^j^Dm = n (1 : qk+2fm ■ ( 2 - 22 ) 

We then obtain 

00 . oc 

z = n ■ n f^y- (2 - 23) 

t=l (1 - q k + 2 f { 5 } mil (1 - q m+1 ) [ 3 } 
This form of the answer is closely related to the d-dimensional MacMahon function (see |3j| for a 
recent review) 

M d ( q ) = n — F+^T- ^ 2 - 24 ) 

„=1 (1 - q n ) [ > 

We remind the reader that in pl| a form for the partition function of a higher-spin theory in AdS^ 
was obtained in terms of the (two-dimensional) MacMahon function and bore an interpretation 
as the vacuum character of Wat, the asymptotic symmetry algebra of the theory j| |). We also 
observe the existence of a 'nested product' form for this answer. 

00 00 00 00 00 00 1 

^nnnnn n^- ^ 

Si— 3 S2— si S3—S2 S4— S3 S5— S4 n— S5 V q ) 



The reader may verify that this expression does indeed reduce to (2.23). We also remind the reader 
that an analogous expression for AdS% was interpreted in |2l]] as the vacuum character of the Woo 
algebra. It would be very interesting to see if our five-dimensional answer also admits a similar 
interpretation. 
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2.2 Additional Chemical Potentials in AdSz 



From now onwards we turn on chemical potentials (/3, a 1,012) for AdS§, where ft is the inverse 
temperature and ol\, a-i are chemical potentials for the SO (4) Cartans of the AdS§ isometry group 



50(4,2). To explicitly evaluate (2.15), we will need the character given in equation 5.3 of [23 
where we specialise to n — 2, i.e. AdS§, and focus on the case of STT tensors. 



X(A,s) W,oti,a 2 ) = 



We can evaluate these characters to obtain 



, . _ 2cos(/3A) sin((s + l)ai) sin ((s + 1) a 2 ) 

X(A, S ) (P,ai,a 2 ) - e -2/3 | e /3 _ e i 01 12 | e /3 _ e i^» 2 |2 ^(^J ' 

where the <^>s and as are related by 

<pi = ai + a%, 02 = ol\ - Ct2- 
The partition function of a massless spin-s particle may then be computed to obtain 



1 



log^W = X) -rpr 
^-^ m 1 



-m/3(s+2) 



-± to |1 - e -™(/3-^i)|2|! 



l(/3-i<fe)|2 



SO(4) _ v SO(4) o - m/3 
A( s ,0) 



X( s -i,o) e 



(2.26) 



(2.27) 



(2.28) 



(2.29) 



where the 50(4) characters are evaluated over the angles {m4>i , mfo) ■ This is precisely the answer 
that would be obtained via a Hamiltonian computation, as carried out in p2| using the results of 



3. The Refined Partition Function in AdS$ 

Having acquired some intuition for the kind of simplifications we may expect by looking at the 
blind partition function, we shall now now turn to the case of non-zero chemical potentials ai and 
«2 and exponentiate the expression (2.29). This will enable us to write down another nested form 
for the partition function. It would be again useful to introduce notation 

e~ p = q, e zai =p, e M2 = r. (3.1) 

We finally obtain 



*m = n 



ns — 1 1 1 _ ?7u+m2+m3+m4+s+3„mi+m 3 +s-l mi+m 4 +s — l~m 2 +m4+2fc=m 2 +m3+2( 
fej=o \ L 1 P ' P 



n s (A /.mi +rn.2 + W4 +s+ 2 1 +771,3 + 8 1 + ra 4 + s 2 + m 4 + 2 ,^rn 2 + m 3 + 2 Z \ ' 
k,l=0 V 1 H P ' P ' } 

(3.2) 

where the product over m, collectively denotes a product over mi,.. . , TO4. It turns out that even 
for the refined case, the ratio of the numerator of and the denominator of Z^ s+1 - ) is again 
simple. This leads to the following form for the one-loop partition function of the theory. 

00 1 

2=nn , (3.3) 

s=Omj=0 111 1 1 P 1 P 1 ) 

where the hatted product in the denominator runs over the following values of k, I, 

k = 0,1 = 0; k = 0,l = s + l; k = s + l,l = k = s+l,l = s + l 
k = 0,l=l...s; 1 = 0, k = l...s; k = s + 1, I = 1 . . . s; I = s + 1, k = 1 . . . s, 



- 6 - 



and we have used the fact that (pp) 2 (rr) 2 = 1. It is useful to define the following combinations 

9i = pr, q2 = pr, ?3 = pr, q4 = pr. (3.4) 

The expression (3.3) may be simplified using the procedure outlined in Appendix [b]. We finally 
find that the partition function may be written in terms of the product of four nested product 
expressions. 

Z = 2(o) • Z(x) ■ Z(2) ■ Z( 3 ) ■ Z( 4 ), (3.5) 
where Z(m is the partition function of the scalar, which may be computed to obtain 

Z(0) = (1-9 2 ( q qi) mi to)™ 2 imf (994)" 14 )' (3 ' 6) 



and 



oo oo oo oo 



%) = TT TT TT TT 7 r ( 3 7 ) 



k=0 "i2,3,4 s=l n=s 



1 - (TOi) n g fe + m ^+ m 3+m4+2 e fc g ^2+fc e m 3 +fc g m4 



This has been explicitly evaluated in appendix |B|. The other Z^s have similar expressions which 
we now enumerate. 



00 00 00 00 



Z(2) = TT TT TTTTt o (3-8) 

I n=s (l - (qqiT q k+ mi + m2+mi+ 2 q rn lq ^2+k q k q rn i+ k^ 



k—0 mi i2 ,4 s— 1 n— s 



00 00 00 00 



= TT TT TT TT ^ r> (3.9) 

11 11 11 11 (i-( W4 rg fc+mi+m2+m4+2 gr +fc 9r9r +fc 94) 



fc=0 "11,2,3 S— 1 ™= S 



OO OO OO OO 



z (4 ) = TT TT TTTT 7 r- (••'•■io) 

1± „i s (l - (qq 2 ) n q k +^+^+^+ 2 qT 1+k qlq^qT i+k ) 



fe=0 mi 3 4 s=l n=s 



4. Discussion 



In this paper, we applied the heat kernel results of 23 to compute the partition function of a 
higher-spin theory in AdS^. To get a better feeling for the possible content of the answer it is 
useful to recollect elements of the corresponding story for pure gravity and higher-spin gravity in 
AdS^. This discussion is qualitative, and we refer the reader to the original papers for more details. 
As we remarked previously, the asymptotic symmetry algebra of pure gravity on AdS^ comprises 
of two copies of the Virasoro algebra and for higher-spin gravity comprises of two copies of 
the W algebra |, §, while the gauge symmetry is SL(2, R) x SL(2, R) and SL(N, R) x SL(N, R) 
or hs(l, 1) respectively. One manifestation of the asymptotic symmetry algebra is in the one-loop 
partition function of the theories expanded about their AdS vacua. For the higher-spin theory with 
spectrum of spins s = 2, . . . , oo, the partition function is [fHf 

oc oo ^ 

2 = TT TT W~n^\2 = X0 (Woo) X X0 (Woo) • (4.1) 
s=2 n=s ' V ' 

This is (two copies of) the character evaluated over the Verma module built out of the AdS% vacuum 

(s) 

as the lowest weight state and the raising operators W_^ n , s = 2, . . . , oo, acting on it. This is the 
sense in which the second-quantised partition function is supposed to encode information about 
multiparticle symmetries of the theory. The corresponding expressions for pure gravity |37], |2^| 
are perhaps more familiar to the reader. The partition function is then a character of the Virasoro 
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algebra, again with the AdS% vacuum as the lowest weight state and the generators L_ m acting as 
raising operators, for m > 2. These generators, when acting on the AdS% vacuum generate large 
gauge transformations to create multiparticle states — boundary gravitons — over the AdS% vacuum. 

We obtained a form for the answer that is suggestive of a vacuum character of a larger symmetry 
group than the higher-spin symmetry. In particular, following the reasoning suggested above, it 
leads us to speculate that there are additional generators in the symmetry algebra that act on 
multiparticle states built out of twist-two operators, which sit in the vacuum representation of the 
symmetry algebra. It would be very interesting to verify if this is indeed the case. A natural 
candidate symmetry to relate these results to is the Yangian symmetry of J\f = 4 SYM. However, 
we do not know of an apparent connection, especially since the Yangian algebra does not close 
over the set of gauge-invariant operators. 5 Alternatively, this might be related to the additional 
symmetries of free Yang- Mills noted in There is additionally the intriguing possibility that 

these might be connected to multiparticle symmetries already noted in the literature for higher-spin 
theories gfj, fl||4|. 6 

Note: After an initial version of this paper appeared on the arXiv, we learned of @ ||| g§ 



in which additional enhanced symmetries for higher-spin theories had been observed. It is also 
possible that our results are related to these symmetries. 

We leave the exploration of these questions to future work. 
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A. Blind Partition functions for AdS<< and AdS 7 



We shall begin by using (2.18) to obtain the blind partition function of the Vasiliev theory in 
AdSi. Observations parallel to those in Section 2.1 lead us to conclude that the expressions for the 
partition function are again simple. We need to evaluate the product 

OO OO ^ 

SSa-g^jW^-^' (A ' 1} 

where d s denotes the (s, 0, 0) representation of SO (6). Computing these dimensions (see Q and 
references therein) , we find that the partition function of the Vasiliev theory may be expressed as 



5 We thank N. Beisert for this remark. 

6 We thank M. Vasiliev for this observation. 

7 We thank D. Sorokin for bringing this to our attention. 
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the product 



oo oo 



2=2 ( o) nn 



where Ziq) is the partition function of the scalar, given by 



(A.2) 



-((>) 



n 



1 (1 - q m + 3 



.err 



We finally obtain 



(A.3) 



2=n 



= 1 (1 - q'"+3)( m 5 +4 ) (1 - (? m+4) 4 ( m ^ S ) + ( m ^ 6 ) + (" l ^ J ) ' 



(A.4) 



which is again related to the d-dimensional MacMahon function ( |2.24|) . 

We now turn to the case of AdS± . The entire heat kernel analysis of this paper and |^3| may be 
applied to even dimensional hyperboloids. We merely mention the final result for AdS^. We find 
that 

1 oo 1 

2 = (1 - q) (1 - 9 2 ) 3 ]J 2 (1 - q"^ 1 ) (1 - ^+i) 3 (™ +1 )+ 4 ( m 3 +2 ) ■ (A - 5) 



This is again related to the d-dimensional MacMahon function ( 2.24 ) 



B. Computing the Refined Partition Function 



We outline some of the main steps involved in reducing (3.3) to the nested form (3.5). We begin 



by expanding out FJ that appears in (3.3) into two products A and B. We will evaluate 



oo oo 



— ^ _ ^mi+m2+m 3 +m4+s+3pmi+m3+s+l J ,mi+m4+s+l-m2+m4j^2+m3j 



mi =0 s=0 
oo oo 



m i= s=0 
oo oo 



— „ m l+ m 2+«i3+"i4+s+3 n m 1 +m 3 + s+l mi+m 4 + s+l -m 2 +m 4 =m 2 +m 3 +2(s+l) 



m i= s=0 
oo oo 



IT IT ( 1 — 1 "° 1 ""** 1 " 1 "p"' 1 1 1 " 1 ~ r " 1 1 ""* 1 " "p"" "' 



— „ m i+ m 2+"i3+™4+s+3 mi+m 3 + s+l mi+m 4 + s+l -m2+m 4 +2(s+l) -m 2 +m3 



^ — ^nii+m2+m 3 +m 4 +s+3pmi+m 3 + s+l ? ,mi+m 4 + s+l^m 2 +m 4 +2(s + l) -m 2 +m 3 +2(s+l)^ 

(B.l) 



m,i=0 s=0 



and 



oo oo s 



mi- s— 1 fc=l 
oo oo s 

nnn(i 

rrii=0 s=l fc=l 
oo oo s 

nnnci 

m»=Q s=l fc=l 
oo oo s 

nnno 

m;=0 s=l k=l 



„Trn+m2+m3+TO4+s+3„mi+m3+s+ly,mi+m4+s+lpin2+m4pi2+m3+2i'J 



mi+m,2+m3+m.4 + s+3 m,i+m,3+s+l r mi+m,4+s+lpm2+m,4+2k ^m 2 +m 3 +2(s 



( jmi+m2+m3+m 4 +s+3j ) mi+m3 + s+l J ,rai+m4+s+lpmi+i'i4+2l:-m2+m3l 



mi+m2+ms+"i4+>+3 mi+m3+s+l J ,nii+m 4 +s+lpnis+iii4+2(>+l) -m 2 +m 3 +2fc 



(B.2) 
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The full partition function of the theory is the inverse of the product of A and B. We will now 
simplify these expressions. 



= TT^ (\ _ gTOi+m 2 +m3+"»4+s+3^mi+s+l^m 2 ^TO3^TO4^ ^ _ ^mi +m 2 +m3+"»4+s+3^mi g™ 2 g™ 3 + s+1 g™ 4 ) 
J~J ^ _^mi+m2+m3+m4+s+3^mi^m2^m 3 ^i7i4+«+lj ^ _ ^roi +m 2 +m3+m 4 + s+3^nii ^m 2 +s+l^m 3 g™4^ 

ITli.S 

(B.3) 

where we have used the fact that = 1 = rf. In each product, there is a pairing of one of rrii and 
s. We use this to write 

oo oo 

A= n (i-9 m+s+3 '?r i+1 '?r9r'?D mi+1 n (i-9 m+s+3 9r i 9™ 2 9r +1 '?4 n4 ) m3+1 

oo oo V / 

n (i-g m+s+3 g rg 2 m2 (73 m3 (zr +1 ) m4+1 n (i-9 m+s+3 9r9 2 m2+1 9r94 m4 ) m2+1 - 

mi— mi— 

where we have defined m = ^ m i- Now each product is of the form 

oo oo oo 

n— 1 s— 1 n— s 

where a is independent of n. This gives a (two-dimensional) MacMahon function form for this 
sector of the partition function, which we can arrange into a nested form. For example, the first 
product reduces to 



oo / oo oo 



IT IIIK 1 - q m2+m3+d+2 qT 2 €^T 4 ) • (b.6) 

m 2 ,m3,m4— \s— 1 n— s / 

There are similar expressions for the other three products, which arise by permuting above. We 
will now look at the B term, and obtain its nested product representation. Written in terms of the 
QiS, the first product that enters in B is 

oo oo s 



n n n i 1 - ( q qi) {mi+s+1) q m2+m3+d+2 q? 2+k qT 3+k qT 4 ) 

mi— s— 1 fc— 1 

oo oo oo 

II I! II ( l - (99l) (mi+S+1) q m *+ m s+ d+2 q™ 2+k q™ 3+k q™^ 



nii—0 k—1 s—k 



where we have changed the products over k and 5. This enumerates the same combinations (fc, s) 
as the previous product. Again, redefining a + s to a, and s - Ho s, we get 



oo oo s 



ro<=0fc=ls=0 (B.N) 

oooo mi + 1 



k=l m i= 

from which we can write the nested form 



oo oo oo oo 



n n n n (i-(99i) n 9' £+m2+m3+m4+2 ^9™ 2+fe 9r + ' £ '?™ 4 ) (b.9) 



fc=l m.2,3,4 s=l n=s 
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Note that (B.6) is just the k = term in this product. We can write the contribution of these two 
terms together as 



oo oo / oo oo 



*(i)=n n nnl 1 -^ 

fc=0rri2,3,4 \s=ln=a 



,n k+m2+m 3 +m4+2 k m 2 + k m 3 +k va A 
1) 1 1112% 1i 



(B.10) 



The other three contributions to the partition function may be similarly written down by combining 
the second, third and fourth terms respectively from A and B, we obtain the nested product forms 



oo oo / oo oo 



Z (2)=I1 II MI lit 1 'I ' ' ' "'/I <h - <h'h 



\ n „k+mi+rn2+rn4+2 mi m2+k k rri4-\-k 



k—0 mi,2,4 \s—l n—s 



oo oo / oo oo 



k—0 mi i2 ,3 \s— 1 n—s 
oo oo / oo oo 



z {3) = n n n n i 1 - (««4) n g fc+mi+m2+m4+2 gr i+ ' £ '?2 n2 9r +fc '74 



^(4) - 



n n n n i 1 - (ii2) n i k+mi+m3+mi+ \T i+k ikrir +k 



fe=0mi,3,4 \s=ln=s 



Putting these expressions together yields the expression for Z in (3.5) 



(B.ll) 
(B.12) 
(B.13) 



C. A Consistency Check 



We finally show that the expressions obtained in section || for the refined partition function (3.5) 
are consistent with the blind partition function. To do so, we shall set all the g^s to one. Then (3.5) 
reduces to 

oo oo oo 

h n n i 1 - i n q m+a+b+c+2 ) i . 

mabc—O s—l n—s 

We arrange this into a sum over d^m + a + b + c. We obtain 



(C.l) 



oo oo oo 



nniK 1 -i d+3 i n+ n 



4("+3) 



(C.2) 



d=0 s=0 n=0 

Then, the sum over n and s can be converted to a sum over s. d can be renamed to n, and shifted 
by 1, and we finally obtain 

oo oo 



(C.3) 



s=0 n=l 



This precisely matches with the first product that appears in ( 2.21 ) 



We can also obtain the nested form ( |2.25| ) from the expression (|C.1| ). to do so, we start with 



oo OO OO 



OO OO OO OO OO OO 



nnnnnniwv- 



n n n ( x - ^ m+a+b+c+2 ) 

mabc=0 s=l n=s s=3 n=s m=0 a=0 fc=0 c=0 

Now on defining n' = n + m, we may write 



a+h+c\ 4 



oo oo 



oo oo 



n n (i-i n+m i a+b+c ) = 



n n (i 

S2—S n' — S2 



and hence (C.l) reduces to 



OO OO OO OO OO oo 

nn n nnn^^ 

s— 3 S2—s n'—S2 a—0 b—0 c—0 



(C.4) 



(C.5) 



(C.6) 
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We can similarly absorb the products over a, 6, c to write (|C.l|) as 



OO OG oo oo oo oo 



nnnnnn (1-0*. «^ 

s=3 s 2 =s s 3 =s 2 s 4 =s 3 s 5 =s 4 N=s s 



which is the familiar form that appears in ( 2.25| ) with the replacements s — > si, and N 
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